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1. Introduction 


The investigation of field theories on a very special type of noncommutative spaces—the 
so-called noncommutative involving a constant antisymmetric tensor 9 ^'^—became dur¬ 
ing the last two years an industry, making it impossible to list all relevant contributions. 
Fortunately one can refer to some reviews [Q, |^, |3|, ^], which reflect most of the achieve¬ 
ments. Nevertheless, let us briefly recall a few selected milestones which lead directly to 
the question addressed in this paper. 

Many investigations on this subject are motivated by the discovery of compactifications 
of M theory on noncommutative tori and the identification of these noncommutative 
geometries as limiting cases of string theory [|I[|. Quantum field theories on 0-deformed 
space-time were shown to be ultraviolet divergent |^] (motivated at this time by the con¬ 
tinuum version of the twisted Eguchi-Kawai model 0 which already possesses noncommu¬ 
tative features). A more general result on divergences for spaces which are noncommutative 
manifolds in the sense of @ was obtained in |^. The crucial question about the physical 
relevance of field theories on noncommutative space-time is whether these models are renor- 
malizable. At the one-loop level, renormalizability of C/(l)-gauge theories on 0-deformed 
spaces was first proved in 0, MM- One-loop renormalizability of noncommutative U (n)- 
gauge theories was proved in |13|^. At higher loop order there was discovered a new type of 
infrared divergences both in scalar field theories |]^ and Yang-Mills theory |^, , which 

prevents a perturbative renormalization of these models. A power-counting theorem for 
noncommutative field theories which classifies the divergences was established in ||18|| . 

A very surprising result due to Seiberg and Witten [Q| was that noncommutative 
and commutative gauge theories are related by a formal power series in 9, the so-called 
Seiberg-Witten map. The Seiberg-Witten map combines the 0-dependence through the 
^-product with a cleverly chosen 0-dependence of the noncommutative gauge fields to 
produce an action which is (commutatively) gauge-invariant^ at any order n in 0. In 
this way the Seiberg-Witten map gives rise to a quantum field theory of Wpoint gauge 
held Green’s functions with up to n factors of 0 which is free of any infrared divergences 
However, since 0 has to be regarded as an external held of power-counting dimension 
—2, the renormalizability of such a theory (up to given order in 0 but any order in h) is 
questionable. The fact that the superhcial divergences in the photon selfenergy are (to all 


orders in 0 and h) held redehnitions |21] gave some hope that gauge theories on 0-deformed 
space-time could hnally be renormalizable via the Seiberg-Witten map. However, it became 
clear that one cannot proceed along this line without the identihcation of new symmetries 
of the 0-expanded action which could restrict the structure of otherwise possible divergent 
counterterms. The hrst candidates of such symmetries—Lorentz rotation and dilatation— 
were shown to give no further information beyond conformal symmetry of a Yang-Mills 
theory on commutative space-time [22|. As a by-product, however, we have obtained in 


^The two- and three-point functions of noncommutative U{n) theory have already been computed in 


m- 

2 


Expanding only the *-product in 6, gauge invariance of the truncated action is lost. 
®That work was inspired by |20|. 
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1^] a deeper understanding of the Seiberg-Witten map: One has to distinguish between 
‘observer Lorentz transformations’ (which transform as a tensor) and ‘particle Lorentz 
transformations’ (which leave invariant), see [^]. Demanding (A) observer Lorentz 
invariance and (B) gauge invariance of the particle Lorentz symmetry breaking of the 
physical action, the particle Lorentz transformation of a field is the sum of its naive observer 
Lorentz transformation and an additional part given by the Seiberg-Witten differential 
equation (which is very conveniently derived in this manner). 

A brute-force approach to probe the existence of additional symmetries is to compute 
one-loop Green’s functions other than the selfenergy. For 0-deformed Maxwell theory 
(which has no ^-independent interactions) the computational effort becomes tremendous. 
In this paper we therefore focus on 0-deformed noncommutative QED p^ , for which we 
are able to compute all divergent one-loop Green’s functions up to first order in 9. The 
(already extremely lengthy) computation in analytic regularization |25] is performed using 
a Mathematical^ package |^|. The final result is simple and (at least for some people) 
disappointing: 


Noncommutative QED cannot be renormalized by means of Seiberg- Witten expansion. 

( 1 . 1 ) 

We provide some ideas how the Seiberg-Witten expansion can be used as a computational 
technique to treat one-loop divergences of the full (0-unexpanded) noncommutative QED 
11, but this leads—similarly as UV/IR mixing—to problems at the two-loop level. This is 
the end of the chapter on noncommutative quantum field theories treated by the Seiberg- 
Witten map. 


2. Noncommutative 


Our presentation of the noncommutative is (with different notations, however) based 
on 1^ and the appendix of |^. Let A be the space of Schwartz class functions^ o = a{x) 
on equipped with the multiplication rule® 


(a * b){x) 




y a{x+^6-k) b{x+y) e 


ik-y 


( 2 . 1 ) 


where 9 G M 41 R is a real-valued antisymmetric constant matrix, = —9'^^, and {9-k)^ = 
9^'^ki,, k-y = k^y^^. Position space variables are denoted by x,y,z and momentum space 
variables by k,l,p,q,r,s,t- The multiplication (|2.1| ) is associative but noncommutative. 
The *-(anti)commutators are defined by [o, 6]* = a-kb — b-ka and {a, 6}* = a * b + b -k a. 
There is an involution on A given by complex conjugation a*{x) = a{x) which satisfies 
(o * b)* = b* k a*. Partial derivatives 5^ = are derivations with respect to (^), 


such that for all 


“^The Schwartz space <S(]R^) is the space of smooth complex-valued functions a on ' 
multi-indices a, (3 there exist constants (7“’^ with \x°'d^a{x)\ < (7“’^. 

®It would be wrong in general to replace (2.1) by {a*b){x) = (exp(^@'“^ g|;r)a(j/)fe(z))^_^_^, which 

for instance yields zero if a{x) and b{x) have disjoint support. 
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d^{a -kb) = dfj,a kb + ak d^jb. Since Schwartz class functions are trace-class one can define 
an integral 


a = 


/ d*x a{x) , akb = bka 

J Jr4 J J 

An important concept is that of the multiplier algebra 


( 2 . 2 ) 


Ad = {/:M^—>-C, f ka ^ A and a * / G .A for all a G A] , (2-3) 

where the product is given by O- The product of /, g' G Ad is defined by associativity 
of (13), {f k g) k a = f k (g k a) G A. for all a G A.. The multiplier algebra M. contains, 
for example, the unit 1 G Ad and the coordinate functions x^{y) = which both do not 
belong to A. The famous formula = 10^*^ is thus an identity in Ad and not in A. 

The multiplier algebra is the biggest compactification of A. 

Additionally we introduce the space 7d = 0 L^(M'^) of square-integrable bispinors 

g = {f?s(a^)}f=i, equipped with the sesquilinear inner product® 

C ^ ' 

X] ^s(a;)(7°)^* ds'(a^) > (2A) 

s,s'=l 

where ( 7 ®)^^ are the matrix entries of the 7 ®-matrix. The multiplication ( p.l| ) extends to 
an involutive action A x > 7d obtained by componentwise ^-multiplication, 

{akg)s{x):= [ j!^[ d^y a{x+^9-k) gs{x+y) , {ak (,g) = {^,a* k g) 

jr4 ) j ^4 

(2.5) 


We regard bosonic fields as distinguished elements 4>i € A to which one assigns a 
power-counting dimension dim((/>j) G Z and fermionic fields are distinguished Grassmann- 
valued elements G 7d with power-counting dimension dim(^/;j) G Z/2. For r[(^j] being a 
(sufficiently regular) functional of the fields (fermion fields now included) we define the 
functional derivative 

^)r[0*] = := Yim^(T[(j)i +e4)i[(pk]] - T[</)*]) , (2.6) 


which replaces a field (f)j by the fuctional <j)j[(t)k] in a derivational manner. Summation over 
j in ( |2.6| ) is self-understood. We use (2.6) to define functional derivatives with respect to 
as well. Allowing for an explicit 0-dependence of the fields U and V we obtain from 

(S) 


’ 50 /’'" / \ ’ 50 /’'" 

where 0 /’'" has to be constant. 


^^V + [/k ( 0 /’-, + ^ 0 /’'" (d,U) k (d^V) , (2.7) 


“We work in Minkowski space with metric = diag(l, —1, —1, —1). The inner product (2.4) is therefore 
not positive definite and Ti. is not a Hilbert space. The 7 -matrices fulfill = 2 ^’“'l 4 x 4 and 

7°(7'')S° = 7^ 
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3. Noncommutative quantum electrodynamics 


We are going to study 0-expanded noncommutative QED defined by the classical action 
(on noncommutative level, i.e. before 0-expansion) 

S = (^,(i7^4-m)^)„-^ (3.1) 

di/A^ i[yi^, , D'^A^ -k 'tp , 


for the noncommutative gauge fields (photons) = {A^)* £ A and the noncommuta¬ 
tive fermion field (electrons) ip € Ti. to which we assign the power-counting dimensions 
dim(^^) = 1 and dim('i/^) = Additionally we define dim(0^”') = —2. The action ( p.l| ) is 
invariant under infinitesimal gauge transformations observer Lorentz rotations 
and translations Wj', see [^: 


WP = {{d^X-i[A^,XU), 


6 \ , S \ 




+ (iX kip, 


dp)' 


A = A* G A 


a 


rR 

A+ipiafi 


11 ^ 1 . T /I — ( ( r) 9oiA^}i^ gafiAp gp^Aoij, 


SA,, 


+ ([xa* dp'lp - WJ’dpdp'lp -Xpk + i0 /dadppj + jba, 7/3 


We%p = {{SPJp^ + 5ie^p - 

».r = (87„.i) + (87 A). 


5ep° 


d'ip 


-) 


(3.2) 

(3.3) 

(3.3a) 

(3.3b) 

(3.4) 


These Ward identity operators satisfy the following commutation relations: 


\W9wf\ = Wf , 

>■ Ai ^ A2 -' Ai2 

[Wf, , [wf, wlp] = WP , 

= ga'yWpe ~ — dasWp^ + gg&W^^ , 

[^^3, = 9arWj - gp^w^ , Wj] = 0 , (3.5) 

for certain A12, X^g, Xr € A depending on A, Ai, A2 G A as given in p^. 


4. Seiberg-Witten map 

There are two kinds of Lorentz transformations for a field theory on 0-deformed space-time 
|23U : Observer Lorentz transformations refer to passing to another reference frame; the 
physical action has to be invariant under such a tranformation. Particle Lorentz trans¬ 
formations refer to a repositioning of all particles in a given reference frame in which the 
background field 9 remains unchanged. In general the physical action is not invariant under 
such a transformation. Since the particle Lorentz symmetry breaking must in principle be 
observable, it has to be gauge-invariant. 
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At first sight the particle Lorentz rotation is given by defined in ( 3.3a| ). 

However, that transformation, applied to (^), does not lead to a gauge-invariant particle 
Lorentz symmetry breaking. This means that one rather has to split ( |3.3D in the following 
way 122]: 


A+4);aP ^ ’ 



(4.1) 

(() 

/ 

\dep^' 

Ij))' 

(4.1a) 

We-ap - W9-,ap + We-,ap{^^ ^{{dOP^ ’ 

/dip 6 
\dep<^' dPp 

))■ 

(4.1b) 


The transformation ( 4.1a ) is then a particle Lorentz rotation if applied to the action 


o is gauge-invariant. This condition is solved by 


~ g + g { ^o-) }* + , 

^Qpa ~ -|- g^o- * {dplj) -|- Dp’ljj) -\- ^pa , 

where i^pap and ^pa transform covariantly under gauge transformations: 


kL^ ^pap — i [-^j ^po-p] ) 


Compatibility in (O) requires 

dim(Hpo-p) = 3 , dim(4'pcr) = | 


WPi>pa = iX*i'pa 


^pcrp — if^pcrp') 


(4.2a) 

(4.2b) 

(4.3a) 

(4.3b) 


The relations (^) can now be regarded as first-order (Seiberg-Witten |i|) differential 
equations for the noncommutative fields Ap,'ijj. As such they are solved by a power series 
in 9 and the initial values Ap,ilj for Ap,ip^ respectively, at 0 = 0. Inserting this solution 
into the action (3.1) one obtaines an action S[Ap,';/!,0] which at each order n in 0 is 
invariant under commutative gauge transformations and commutative observer Lorentz 
transformations |22|: 


<5 \ /.. , 

6^/ 


< = ((5pA - i[Ap, A]), —) + (iAV’, 

^ ^XadpAp XpdaAp -j- QapAjj 9f3pAa^ j 

+ ^ [xadpi^ - Xi3dall^ + ^ [7, 


(4.4a) 


5A, 




5^/ 

6 

69P^ 


= (drAp, 


5A,. 




(4.4b) 

(4.4c) 
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5. Noncommutative Yang-Mills-Dirac action to first order in 6 

The solution of is up to first order in 0 given by 

= A^ + — ^^AaidffA^ + + 0(6 '^), (5.1a) 

= V’ + - \Aadfjil^ + jdaApil; 

+ KiFapip + K2F^fsYa'^ + K3F^p'y''^^pi/; + '^apD^D plj) 

+ IK^YaDgD^lp + KQUl'yaDplI: + K^mYagDu'lp + + 0{6‘^) , (5.1b) 

where Dp^|J = dpip — iAp'ij;. The Hi parametrize the solutions of (O) for^ flp^o- and Tpo-- 
They play the role of additional coupling constants which parametrize (unphysical) field 
redefinitions, see j^] for the model without fermions®. Thus we expect these coupling 
constants to be power series in Planck’s constant h in order to absorb possible divergences 
of the effective quantum action®. It turns out that all possible divergences in first order in 
6 are purely imaginary in momentum space. Hence we have written down only solutions 
of (^^) which are purely imaginary in momentum space. In particular, the k* are real. We 
have introduced the completely antisymmetric gamma matrices 


fulfilling 




^ (5,2a) 


1=1 


2gn^j ^ n = 1,..., 4 . (5.2b) 


Note that flpo-p G A cannot contain a term bilinear in ■i/l because—within our framework 
presented in Section ^ —there is no way to make an element of A out of two elements of Ti. 
We shall see (this is one of the main results of the paper) that the lack of such a possibility 
makes the 0-expanded noncommutative QED unrenormalizable. Therefore some readers 
may suggest to enlarge somehow the framework of Section ^ and to replace (^.la) by 


Ap{x) = Ap{x) + - lAa{x){dgAp{x) + Fgp{x)) 

4 

+ i5'^«^9 V’6'(a;)) + C’(6»^). (5.1a’) 

s,s'=l 

To satisfy those readers we will indeed work with ( ^.la’ ). We will see, however, that 



because they are fixed by gauge-invariance of the ^-expanded action. 
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Inserting ( |5.lD into the noncommutative Yang-Mills-Dirac action (^) we obtain^*^ to 
first order in 9 


/ 


+ Af,) - m)V' 


Sc£ = 

+ {l-K2)iipJ^{‘2^Fai,Dis + di3Fa^,)'4) + {Ki-\K^)i'ip'^^{2Fa[}D^ + d^Faf3)'4> 

+ {K2+2K4)iii;'yai2F^pDf, + d^F^p)il) + K4'4}'y^^p{-2D^ D^Df, + 2iF^'"D„'ijj + \d'-'F^y)il; 

- (iK2+2K3)iV;7^'^cI/3 F ^1/ 'll) + i{2K3+Kg)'ljjYaf3^'"Fi„y'll) 

+ {-2Ki+KQ)m'il)Faf3'il! + {-2Ks+K7)'m'4}Fi,p-f''^^p'il; 

+ {-2K4+2Kj)im'i[)'^ai3D^ Dyif) + {-K5+KQ+2Kj)\m'i[)'y''^{2DijD0 + iFyplijj 

- {2K7+2K8)rn^'ii)Yai3D^'4) - 2iK8"r^^7a/3'0 


+ W 


+ 0(9^ 


(5.3) 


Note that {ki, k^, kq} occur in (|5.3|) in the combinations 2 ki—K 5 and k^—kq only. In the 
massless case m = 0 there is only the combination 2 ki—K 5 suggesting not to eliminate Kg. 
It is therefore no restriction to put 


K5 = 0 . 


In order to pass to quantum field theory we have to add a BRST-invariant gauge-fixing 
term. This can be done before or after the Seiberg-Witten map |]l^. We choose the more 
economical way of a gauge-hxing of (5.3): 


F'gf = j - cd^dpc + + ^B"^^ = j d‘^x s(^c{d>^Af^ + ^B)'j , 

sAp = dpC , sc = 0 , sc = B , sB = 0 , sip = icip , s'lp = —i-ipc . 


(5.4a) 

(5.4b) 


Here one has to take into account that c, c and s are Grassmann-valued. Note that there 
are no interactions involving the ghosts c, c or the multiplier field B. Thus, the nilpotent 
BRST transformations (|5.4b| ) are linear transformations of interacting fields. There is 
therefore no need to introduce sources (antifields) for the BRST transformations, and the 
BRST invariance of the total action S = + T,gf can then be written as follows: 

^) + §) = " ■ 

^°We would like to draw the attention of the reader to the following typographical subtlety. From now 
on we will write down our formulae in terms of the adjoint spinor ijj = 1 / 1 ^ 7 ° (a row of four elements of 
L^(R'*)). There is no risk to confuse the adjoint spinor with the previous operation of complex conjugation 
ipsix) (for one element of The line symbolizing complex conjugation is longer. Additionally we 

restrict the number field we work with from C to R so that spinor tp and its adjoint ip must be regarded as 
independent. 










6. Feynman rules 

We denote by the generating functional of one-particle irreducible (IPI) Green’s 

functions and by Zc[Ji\ the generating functional for connected Green’s functions. Both 
are related by Legendre transformation 

Zc[Ji] = r[(/)j,cr] + "^1J 1 

Switching to momentum space^^, IPI Green’s functions are obtained by functional deriva¬ 
tion: 


(27r)^(5^(pi H-hPn)r</.i...</.„(Pl, • • • ,Pn) 


^4^1,c(.ijPl) ■ • • ^4'n,cliPri) 


4^i,ci—0 


( 6 . 2 ) 


Functional derivation in momentum space is defined by 


{Pi) 
{Pj ) 


H {‘^T^f^'^{Pi-Pj) ■ 


(6.3) 


A parity factor of —1 has to be inserted for each commutation of a Grassmann-valued 
derivative operator with a Grassmann-valued field. Similarly, connected Green’s functions 
are obtained by 


(27r)^5^(pi H-hPn)A'^l-'^’*(pi, . . . ,Pn) 


5Ji{pi) . . . 5Jn{Pn) 


Ji=0 ' 


(6.4) 


We introduce a bigrading (r, t) for all Green’s functions, with r being the number of factors 
of 6 and (. the number of loops. The (t'=0)-part corresponds to taking for P the action 
'Z = -|- Sg/. 


6.1 Propagators 

Feynman rules for propagators are obtained from the bilinear (r=0, t'=0)-part^^ of Zc- We 
only need the propagators for the sources of photons and electrons: 


-q p 


■0 Ip 


p q 


A 


^fo%(q,p) = 

^m^Ap^ q) 


+ m 

p2 _ jyip, _|_ jg ’ 



(6.5a) 


(6.5b) 


The ghost propagator and the mixed A-B propagator are not required because there are 
no vertices involving B and ghosts. 


^^Our Fourier conventions are f{x) = f e f{k) and f{p) = f d'^x f{x). 
'^^We regard ^-dependent terms which are bilinear in fields as vertices. 
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6.2 Vertices independent of 9 


Feynman rules for vertices are obtained from the interaction (£=0)-part of F, i.e. from the 
interaction part of the total action S. The only vertex which is independent of 9 is the 
standard QED vertex: 

The free part of the action S leads to the following Green’s functions, which by defi¬ 
nition do not give rise to Feynman rules; 



-p^p’') , T^^^\q,p) = - m , 

> ^bb(.P^ 9) = a , . (6.7) 

6.3 Vertices linear in 9 


At first order in 9 we have the following graphs; 





where 


= 2\9ai3{^- - m(K6+2K7)p/,p^7'"“ 

, (6-9a) 

^Afj'iP,q,r) = i6'a/3((2K2-^)p"r^7^ - (2K2-^)p''r^7i^5r^“ + {\+2Ki-K2)p''p^-fug^‘^ 

+ (4Ki)7,yr^p^g'^" {2KQ-AKi)mg^'^p^ + (k2+2k4)(p^ 2pr)^^g^°' 

- {k2+2k4){p^ + 2r^)r“7^ - (k2+4k3)7'‘"V/ 

- {Ke+2K7)m{pl^ + 2r/^)7^“ -h {Ke+2K7)mipu + 2r^)Y^g^°' 

+ (2K4—2K7)m(p^ -|- 2r^)7"^ -|- {2K7—AK‘i)mpy'^^'^°‘^ 
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+ {2K3+Kg-K4)p^Pu'y‘'‘^^ “ (2k3+K9-K4)p^7'^“^ “ 2k4{p^ + pr + r^) 7 ^"^ 
- 2K4{p^r^ + + 2r^r^)7'^“^ + {2K7+2K8)m^j^'"'^) , (6.9b) 


g, r,s) = ((i-2K2)(7^/V + 7^5'^^^) 

+ ( 1 -2k2)7p(pV'^/" - + 4^i(5"“/7^ + 5^>V) 

+ (2A€2+4K4)ff'^^7“(/ + /) + (2 k2+4k4)7^(5^“p^ + 

- 2k47''"^(p^ + + 2s^) - 2 k47‘'"^(p^ + + 2s^) 

- 2k45'^"7'’“^(Pp + 9p + 25p) + (4A^7+2AC6)m(7^^<7"“ + 7"^<7^“) 

+ (4K4-4K7)mc?^^7"^) , (6.9c) 


^aaa7^(P’ ^) = -4i^«/3«4(ff^"7"“^ + , 

" i5^^a/3K97p ® 7^"“^ , 

rAA^r(P>9>^) = ^(l + ^l)i^a/3 (^^K - (P^")/) +5"''/^((?’P)9'' 

+ 9°‘^9^^{{pq)r'' - {rq)p'') 

+ 9'"^{i9’'^ipq)-p''q^)r^ + {9''^{rp) - r'^pP)q^) 

+ - q^rP)pl^ + {9^^{pq) -p^^q^r^) 

+ 9'"^{{9^''{rp) - rPp'')q^ + {g^'^ {qr) - qPr^)pf^) 

+ gP'^^pPq'^r^ + qPp^r^) + g'^P^q^r'^p^ + r'^gV) 

+ 5^'^(rV/+P^^V)) , 


(6.9d) 

(6.9e) 

{qp)rP'j 


(6.9f) 


p(l,0)pi^p 

^ AAA;2 


(P,9,r) 


^(1 + A2)i0ap( - g'^^ig’^^irq) - r-qP)p^ - g^^{gPP{pr) - pPrP)q^ 
-5“"(<7^"(gp)-gV)r^) • (6.9g) 


The last two terms (|6.9f|) ,( |6(^ ) occur as a sum with Ai 
in order to discuss possible extensions 


A 2 = 0, we split them artificially 


4g^ 


YM = -— / (f^, * pP^ + 2Air^TA^ * Fg, * pP'^ - -A20“^T) 


OL^ A g,y-k r' - -A20 ' rag 


*F^,*FP^) ( 6 . 10 ) 


to the bosonic action. These Feynman rules are subject to momentum conservation p+q = 
0, p+q+r = 0, p+q+r+s = 0 and p+q+r+s+t = 0, respectively. The strange fifth graph 
in (S.8) symbolizes a single vertex. The dotted line permits momentum exchange but does 
not affect the spinor structure. 


6.4 Concatenation of propagators and vertices 

To an IPI Feynman graph one associates an integral by concatenation of propagators (inner 
lines only) and vertices, matching momenta and Lorentz indices and preserving the sense of 
the arrows. Concatenation from left to right of fermion propagators and vertices is always 
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in opposite sense of the arrow, because the adjoint spinor symbolized by an outgoing arrow 
is on the left. To any closed loop with loop momentum ki one associates an integration 
operator j f To each closed electron line one associates the operator — tr, where tr 

denotes the trace over the 7 -matrices in the loop. If the graph has an 5-fold symmetry the 
integral has to be devided by 5. 

The integration over all internal loop momenta of a subgraph with Na external photon 
lines and external electron lines and with a total number of T factors of 0 is expected 
to be ultraviolet divergent if 


4 + 2r - iV^ - > 0 . (6.11) 

Note that is always even. The problem is to make sense of these meaningless integrals 
in a way preserving locality. 


7. One-loop Feynman graphs independent of 0 


First we compute all divergent one-loop graphs built out of the single vertex (| 6 . 6 | ) which 
is independent of 0. From (|6.11) we see that the problematic graphs are those with 


(N^, Na) G { (2,0), (2,1), (0,2), (0,3), (0,4) } . (7.1) 

We employ analytic regularization in terms of a complex variable e, |e| —> 0, see Appendix^ 
for details. The advantage is that with analytic regularization we are on the safe side with 
respect to the algebra of 7 -matrices. Moreover, we can—in the divergent part—arbitrarily 
shift the integration momentum and naively eliminate common factors in the numerator 
and denominator (verified for all integrals to evaluate). 

For the electron selfenergy {N-^,Na) = (2,0) we obtain 


p{p4) 





-p(0,0)/4. 

A’ljjilj 


i-k+l 


-p,fc+f)A 


Iplp 

( 0 , 0 ) 


(-/c-|, k+^ 




(fc—|, —k— 


X A 


AA 


Ip) 

{—k+^, fc—|) 


(47r)2e 

(47r)2e 


{^APp-{^+^)m)+0{l) 


(7.2) 
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Next, the one-loop QED vertex correction {N-^, Na) = (2,1) is computed to 



= ^to%apik, -p-r, k+p+r)Aj^^^J-k-p-r, k+p+r) 


.(0,0)p 




X -k-p-r, A:+r)A7J^„. (-/c-r, A:+r)r^;'’^j"(A:, -k-r, r) 


xp4> 


(0,0)c 


' Atjjifj 


( 0 , 0 ) 


Alpip 


ha 


(47r)^e 
(47r)2e \ 2g' 


7 ^+ 0 ( 1 ) 

^JV* + ojv^)rM7p,«,r) + 0(i) 


(7.3) 


For the photon selfenergy {N^,Na) = (0,2) we obtain 





( 0 , 0 ) 


(-/c+l 




X ++(-'=- 


i.k+i)) 


hg^ 

(47r)2e 

hg^ 

{AiiYe 


(-^(pV"-P^p"))+o(i) 

(viAT ^ ^ \ t^AA 

("'^'’“3» ^jho.o)(!>) + 0(0. 


(7.4) 


The photon three- and four-point functions {N^, Na) = (0,3) and {N^,Na) = (0,4) are 
actually convergent due to gauge invariance and its preservation in analytic regularization. 
For instance, in the three-point function 



= 0 ( 1 ) 


(7.5) 
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In order to absorb the divergences e, (|7.3D and (|7.4D the helds and parameters of 
the model must depend on h in the following way: 


9 = 

(^ + 3(47r)2e+^(^ ’ 

(7.6a) 

171 = 


(7.6b) 

■4) = 


(7.6c) 

4; = 


(7.6d) 


(A^)o + 0(^2) . 

(7.6e) 


8. One-loop Feynman graphs linear in 6 


In this section we compute the divergent one-loop Green’s functions involving a vertex 
linear in 6. Assuming a regularization scheme preserving gauge invariance (such as ana¬ 
lytic regularization), we expect at order 1 in 0 the following Hermitean counterterms of 
dimension^^ 0 which are purely imaginary in momentum space: 


Bi= ^ 


B2 = ^ 

[ (7xe^^F^pF^,F^^^ , 

( 8 . 1 a) 

$0 = ^ 

^ d'^xi9'^^'4j-f>^{2Fa^Di3 + df3Fa^)4j , 



( 8 . 1 b) 

^ 

^ d^xi 6 »“^^ 7 ^( 2 Fa/ 3 F^ + 5^Fq,/3)?/) , 

$2 = 


$3 = ^ 

[ d^xr^Vi 7 '^"^(- 2 F^F^F^ + 2 iF/ 

D, + irF^,)tA , 


$4 = ^ 


$5 = ^ 

[ d4xir^V;7^„^a,F"^V’ , 

( 8 . 1 c) 





( 8 . 1 d) 

Ml = ^ 


Ma = ^ 

^ d^x 9^'^m^'4>'yfj,ai3D^'i4 , 


M3 = ^ 

^ d^xi6'“^m^7'(^(2F^F^ + iF^^)V’ , 

M 4 = 

^ d'^x\9°‘^m-4>'^a0D''Dy4> , 


M5 = J 


M 6 = ^ 

d'^x9°‘^rm4Fai3'i4 ■ 

( 8 . 1 e) 


Naive comparison of ( |5.3| ) with ( |8.1D shows immediately that the noncommutative Yang- 
Mills-Dirac action (3.1) expanded to first order in 6 cannot expected to be renormalizable. 
Indeed, for the absorption of the five divergences corresponding to <l>i... <I >5 we only have 
the field redefinition parameters ki,K 2 ,K 3 , at disposal, because Kg (if included) is already 


^The power-counting dimensions dim are dimfd'^a;) = —4 and dimf^fa;—y)) = 4. 
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fixed by the divergence corresponding to d>i. Even if we allow for a renormalization of 9 
to deal with <l>o, there is at least one missing parameter to achieve renormalizability in 
the massless case without a symmetry. The massive case is worse: there are only three 
parameters kq,ki, Kg to absorb the six divergences corresponding to Mi ... Mq. Finally, for 
the bosonic divergences corresponding to Bi , B 2 there is no parameter at all available (for 
Ai = A 2 = 0 in (|6.1[1| )). Thus, unless there are symmetries, 0-expanded noncommutative 
QED cannot be renormalizable^^. 

For simplicity we choose from now on the Feynman gauge a = + 0{h). 


8.1 Two electrons, no photon 

We begin with the electron selfenergy, allowing for a renormalization of 0: 




{q,p) 




hg^ 


(^^N^ + ONA + Sm-^ + TB^P 


d 




(47r)‘^e \2 

/II 1 2 , T 1 \ d 

+ (48 - e"'++ 3 ““+- 2>'“ + 3'^d^ 

/I 2 2 , , In 

+ + 2^1 - K2- -K3 - 3k 4 + (-r - 3)K6 + 2 k7 - -Kg j 

/I 3 1, , 1 \ 5 

+ ( - - «3 - + (-r - 3 )k, + 


d 

Okq 


/II , , 1 \ 

+ - -Kl + K 2 + K3 + K4 + K6 + 2k 7 + (-T - 6)K8 + “Kg j 

+ 0 ( 1 ). 


d 

dng 


+ 1 . 0 ) 


p 



This is indeed a renormalization of K4, Kg, K7, Kg! 


^"^This refers to renormalizability of the ^-expansion of (0. One can always add to ( |3.l| ) on unexpanded 
level 0-dependent terms as in (6.10) in order to compensate the divergences of the type (8.1). However, 
such a theory looses all predictivity and hence would be regarded as ‘non-renormalizable’. 
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8.2 Four electrons, no photon 

Next we consider one-loop corrections to the electron four-point function s) 

in first order in 9. Since T^^.^^{p,q]r,s) is independent of external momenta and no 
further label distinguishes the two electron pairs in T^^.^^{p,q;r, s), we can consider 
T^^.^^{p,q]r,s) in the asymmetric form where the electrons labelled by p,q attach to 
7 ^ and those labelled by r, s attach to 7 ^^/? in (|6.9e|) . This reduces the number of graphs 
to compute: we simply choose the external momenta of the divergent part of the one- 
loop graphs according to this prescription. All but the last two graphs below can then be 
arranged in pairs which contain the following concatenation of Feynman rules: 

'y^(—'y'^(sr+kT) — m)'y^ -|- 7‘^(—7’’(—r.,-—~ m) 7 ^ = + terms independent of k. 

Thus, these subgraphs correspond to the external momenta (r,s). We therefore have 
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+ 0 ( 1 ) . 


d 

dng 




(8.3) 


The divergence which is expressed by the factor | in (^) is problematic. We had mentioned 
in the discussion around (5.1a’) that the mathematical framework of Section imposes 
Kg = 0 to all orders in h. But this contradicts ( |8.3D which enforces an /i-renormalization of 
Kg. That was the reason why we have included Kg. Nevertheless it will turn out that the 
inclusion of Kg does not help. In order to make this transparent we introduce a switch 
which according to (^^) should take the value (^=1 and for mathematical reasons the value 
C=0 (leaving us with an unrenormalizable divergence in the electron four-point function). 
We therefore write 




hg^ 


(47r)‘^e 


d 


d 


2^* - 

d 


+ (jC + (-T + j)K9)^)r?«.,.(p,«;r.s) + 0(l) . (8.3-) 


8.3 Two electrons, one photon 

Now we turn to the computation of the electron-photon vertex to first order in 0: 


'j 
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(^( 2 ^^ + 0 iVA + 3m—+ r 0 

/ 13 1 1 , 1, 1 4 3 2 \ 8 

+ (- 48 - 2^' + 6^^ + - e*"' + 2"^ -1"'* - 2"* - rVaJT 

/ 1 4 ^4 2 2 ^ 1 \ a 

+ ( - I2 + - 3^^ + r-- - r’+ =*'“ - I"’) aj; 

+ (32 + M^^-4'“-4'‘^-™=+4'“)^ 

/II 1 2 , 1, 1 \ a 

+ (is - r' + 2"’+i"’+(-^ - 2 )«-+rv ^ 

/I 2 2 ^ ^ 1 \ a 

+ (^g + 2^1 - - 2^3 - 3K4 + (-r - 3)K6 + 2K7 - -Kgj — 

/I 3 1, , 1 \ 5 

+ (-2K2-KS-2K4+2« + (-T-3)«7 + 2Mj^ 

+ f + «^2 + K 3 + «4 + «^6 + 2 K 7 + (-r - 6 )k 8 + ^Kg) 7 ^ 

V16 2 2 / aKs 

_ 1 _ _ 1 _ f — ^ _ 1 _ f r, 




(8.4a) 
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+ (^ - 2Ai + ^A2 + {{‘^giiPa - ‘^gaPt'Vg - g^PvPp)Y 

+ (^C - ^Ai + ^Aa) ip^g^'^ - p'^p'^h.ap) + 0(1) . (8.4b) 

There are several observations: 


• The renormalizations of K4, kq, kj, ks, kq are the same in (p)^), (|8.3D and ( g.4a ), which 
together with the transversality of the additional terms in ( |8.4bf ) verifies the Ward 
identity (see the next Section). 

• The field redefinitions parametrized by Ki always give rise to renormalizations of nj, 
never to a renormalization of the “physical” counterterms required by (8.4b|). 


We obtain divergences in (8.4b) which have no counterpart in the original action 


(5.3), in particular, they cannot be field redefinitions. In the massive case not all of 
them can be eliminated. 


• In the massless case m = 0 both remaining divergences in (S.4b) are absent for 
6 A 1 — 2 A 2 = 9C + 0{h) and r = 12^ + 0{h). 

The last remark means that for C = 0 (mathematical framework) in the massless case no 


0-renormalization and no extension terms (6.10) to the bosonic action are required. Thus 


we have the choice of a serious problem in (8.3) or in (8.4). It is clear that we prefer to 


make (8.4) as nice as possible. 


8.4 No electrons, two photons 

It remains to compute the divergent one-loop graphs without external fermion lines to 
first order in 6. The exciting question is whether these divergences are compatible with 
Ai = A 2 = 0 for T = 12^ = 0. For the photon two-point function we obtain 
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In (^) the divergent parts of the first, second and fifth graphs are identically zero and 
those of the third and fourth graphs are antisymmetric in {p, p) <-> (—p, v) so that their sum 


is zero. The result of (8.5) was clear from the beginning because there is no gauge-invariant 
purely bosonic action part to first order in 6. 

8.5 No electrons, three photons 

Now we compute the photon three-point function to first order in O: 


AAA 


(P, Q, r) 


= 



> + I ^ ir,p) } 





^ + { ir,p) } 



d 


ip, P) } 


+ { {P, P) ir, p) ^ (p, /i) } -h { (p, p) (r, p) (g, v) (p, p) } 


^ + { iP,p) ^ (r, P) } + { ip, P) ^ i<l, } 




3 

d 


d 

d\i 


We conhrm indeed that for C = 0 the choice Ai = A 2 = 0 in (6.10|), which corresponds to 


the 0-expansion of the unmodified noncommutative Yang-Mills-Dirac action (^), is stable 
at one-loop level. A deeper understanding of this result is missing. It points however to a 
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link between the bosonic action and an effective fermion action as in |^]. Before entering 
the discussion we have to prove that this nice result (ignoring the Kg-problem) is not going 
to change by the remaining divergent Green’s functions. 


9. Ward identities 


The action S = given in ( p.l[ ) and (5.4a) is invariant under Abelian BRST 

transformations (^.5|). Switching to momentum space, functional derivation with respect 
to c(p) and restriction to the physical sector {B,c,c} = 0 leads to the following form of 
the Ward identity: 

d^q d'^r 


JT 




+ 


J (2vr)4 (27r)4 


{27rp6{p+q+r) 


6 r 


r (5 




^(r 


= 0 . 


{S,c,c}=0 


(9.1) 


From (^) we derive the following identities: 
0 = 


0 = 


(5” (5r 

5Ay^{qi)... 5Ay^{qn) 5A^{p) 

T (5^+ir 


- {A,i/),i/),B,c,c}=0 


(9.2a) 


+ 


5ii{q) 5A^{p)5Ay^{pi )... 6Ay^{pn) 6ip{r) 

d'i’ip+q) dAy^ [pi)... 6A^^ [pn) S'lpir) 

T (i"r T 


(9.2b) 


6ij{q) dA^^ipi) . . . 5A^,^{pn) 5V’(P+?’)j {A,i;,^,B,c,c}=0 

which means 

p^^ir,^...u„ (p, 91 , • • • , 9 n) = 0 , (9.3a) 

(P’ ^) = ^ iQ,P+r) - {p+q, r) , (9.3b) 

Pf^^AA^^(P^ = ^aSp 

Pi^^aaaZ^P^ 

On tree-level (r, 0) the identities (|9.3D are easy to verify. Let us first investigate (|9.3bD 
for (r, £) = (1,1). We perform the manipulations directly on the integrals encoded in 
the Feynman graphs. Denoting by the subscript 1 the divergent part in e in analytic 
regularization, let us consider 

\ 



/i 
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-p(i,o)p 


(27r)^ 


{—k, —p—r, k+p+r) 


X 


-rik+p+rU-m . . aa /, u)\ 

{k+p+ry — m? + ie ^ (fc+r)^ — m? + ie ( 0 : 0 )(Tp ) 


^ -p-r, fe+p+r) 

/ (— 7 "(A:+p+r)Q, — m)(j^ {k+p+r) — m) — 7 ^(fe+r)^ — m 
V (/c+p+r)^ — m? + ie (fe+r)^ — m? + ie 

— 7 "(/c+p+r)Q — m ( 7 ^(A;+r)^ — m)(— 7 ^(A:+r)^ — m) 
{k+p+ry — m? + ie 
r4 


+ 


(/c+r)2 — m? + ie 

_(^ fJ^r^kO)P(_. j . -I^{k+r)f3 - m ^ _ X 

f /t^ -p-r, fc+p+r) V ifc, -fe)\ 

V J ( 27 r)^ ^ {k+p+ry — m? + le (o,o)o-p ) jx 


'y ^(o,o)o-p(^’ ^))i 


We have used the following property of analytic regularization, see Appendix |A|: 


d^k (g^^(fc+p)^(fc+p)t. - m^)kp^ ■ ■ ■ kp„ 

(27r)‘^ {{k+py -m? + ie) \{l=i{{k+Piy - mf + ie) 

d'^k A:, 


pi • • • ^Pn 


(27r)^ ULiiif^+Pif -m‘f + ie) 


(9.4) 


Using the tree-level Ward identity ( p.3b ), 

we conclude 
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The four graphs in which involve the four-fermion vertex turn out to be transversal 
(contraction with yields zero). That zero can formally be written as the difference of the 
corresponding graphs in containing the four-fermion vertex, with external momenta 
p + r and r, respectively, because the singular part of these graphs is independent of the 

3) proves the Ward identity 


external momentum. Thus, ( |9.5|) proves the Ward identity (|9.3b ) for {t,£) = (1,1). We 
stress that this proof only uses the possibility of a naive factorization O) of common 
terms in numerator and denominator of the integrand, valid for analytic regularization. It 
is not necessary to evaluate the divergent integrals. 


In the same way we can prove the Ward identities ( 9.3c ) and ( 9.3d ) without computing 
the (already very complicated) divergent integrals. For instance, we have 







(9.6b) 


/i 


Thus, the evaluation of the divergent part of {p,q,r, s) and s,t) is 

compatible with the /i-renormalizations of k, and the additional counterterms required by 

dUi). 


Let us finally show (9.3a) for n = 2, the generalization to higher n being obvious. We 
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have 

/ 


k.A-r 


k+p+r 


k+r+p 



(r, p) in (|9.7a|) and (l9.7b|) , all graphs contributing to (^) are ob- 


By exchange (g, v) 
tained, which proves (|9.3a ) for n = 2. 

Proceeding analogously one proves (|9.3a ) for n G {3,4,5}. But this means 
that the coefficient of - in analytic regularization of the 1-loop Green’s functions 


A...A 


(po, ■ ■ ■ ,Pn) is the Fourier-transformed of a gauge-invariant local field polynomial 


/ n+l n+1 

d^^Xi e {d...dF){xi) ...{d... dF){xn+i) 

i=i j=i 


(9.8) 


for an appropriate contraction of Lorentz indices. On the other hand, the integral has to 
be of power-counting dimension zero (see footnote 13), which cannot be achieved for n > 2. 
This means 


j.a,^0...Mn(^0,...,p„) = O(l) for n>2. (9.9) 

Individual graphs contributing to • • • ,Pn) for n G {3,4,5} will be divergent, 

of course. 
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10. Discussion 


We have computed or derived all divergent one-loop corrections to Green’s functions of 
0-expanded noncommutative QED, up to first order in Q. Let us summarize the results: 

1) Taking the 0-expansion serious, the model is obviously not renormalizable. This is 
the death of all attempts to avoid considering the full noncommutative quantum field 
theory by Seiberg-Witten expansion^®. 

The problem is first of all due to the divergence of the fermion four-point function. 
From a mathematically appealing point of view, fermions are elements of an inner 
product space. Therefore, any local field monomial can never contain more than two 
fermion fields, which means that divergences in graphs with more than two external 
fermions cannot be renormalized. At order T in 9, graphs with Np external fermion 
lines are divergent for SNp < 8+4:T. There is no reason why this infinite number of 
divergences could cancel for a quantum field theoretical model with a finite number 
of fields. Anyway, the inclusion of (on noncommutative level non-local) fermion 
number-changing field redefinitions does not yield a renormalizable quantum field 
theory either. 

2) Let us ‘solve’ the above problem in graphs with more than two external electrons by 
ignoring it (to be made precise below). Then 0-expanded noncommutative QED is not 
renormalizable if the electrons are massive, with the mass term appearing explicitly 
in the noncommutative Dirac action. This does not exclude a fermion mass coming 
from a Higgs mechanism. It would therefore be important to study an Abelian Higgs 
model. 

3) Let us therefore consider 0-expanded massless noncommutative QED with the diver¬ 
gence in graphs with n > 2 external electrons being ignored. We have proved that 
in this case our model (|3.lD is multiplicatively one-loop renormalizable—including 
field redefinitions—up to first order in 9. This h-dependence of the parameters of the 


model is given by ([7.6|) and 


Hi 

= Hlfi — 

%0 1 

< 13 1 1 4 3 \ 

^ ~ 48 ~ 2^^’° ~ 3^^’° ~ 2^^’°/ ^ ^ 

, ( 10 . 1 a) 

(47r)2e ’ 

H2 

= H2,0 - 

%0 1 

^ “ Y 2 3 ^^’° ~ 3^^’° > 

( 10 . 1 b) 

(47r)2e 

H3 

= H3,0 - 

%0 1 

^13 1 1 3 \ 

V32 ~ 4^^’° ~ 4^^’° 4^"^’°/ ^ ^ ’ 

( 10 . 1 c) 

(47r)2e 

Ki 

= H4fl — 

%0 1 

^11 1 2 1 \ 

V48 ~ 2 ^^’° 3^^’° ~ 2 ^^’°/ ^ ^ ’ 

(lO.ld) 

(47r)2e 

He 

= He,0 — 

%0 1 

fl 2 2 \ 

+ 2 ^ 1,0 — H2,0 — 2^3,0 — 3/t4,0 — 3K6,0 + 2 k7,0 J 

+ 0 (^ 2 ), 

(47r)2e 


(lO.le) 


^®It could still be meaningful to consider ^-expansions of noncommutative field theories as effective actions. 
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(lO.lf) 


— Kjfi — 


— Ks,0 — 


%0 ( 
{47t)‘^£ V 

%o ( 1 
(47r)2e V16 


-K 2 ,o — «^ 3 ,o — + 2^®’° ~ ^^7,0) + 0 {h^) , 

— 2^^’° ~*~ ~*~ ^^7,0 — 6K8,oj + 0{f^) . 


(lO.lg) 


But there is no reason why Green’s functions with not more than two external elec¬ 
trons are renormalizable up to the considered order. There could be four addi¬ 
tional divergences which are allowed by gauge symmetry (Ward identity) and Lorentz 
symmetry—two in the pure photon sector, one corresponding to a renormalization 
of 0 and one in the photon-electron sector. All of these four divergences are absent! 
This cannot be accidental! 


Our task is now to start developing a renormalization scheme for noncommutative 
gauge theories implementing these results. The divergences in graphs with more than two 
external electrons discussed in 1) tell us that one must not expand the noncommutative 
field theory in 0. Then only graphs with 

Nb + \nf < 4 (10.2) 


are divergent, where Nb and Np are the numbers of (0-unexpanded) external gauge bosons 
and fermions, respectively^®. In this way we solve 1) automatically. One might object 
immediately that now the famous UV/IR mixing destroys renormalizability. However, our 
results 3) tell us to be more careful, although the problem seems to persist. 

Actually the UV/IR mixing |]^ was due to the distinction of the Feynman graphs into 
planar and non-planar ones. The custom was to subtract the planar graphs as usual by local 
counterterms and to keep the non-planar graphs untouched, because non-planar graphs 
(seem to) correspond to non-local counterterms ||^. The trouble came when inserting the 
non-planar (at first sight finite) graphs as subgraphs into a bigger graph, which then turned 
out to be divergent and non-local. It is at this point where our results propose to modify 
the subtraction scheme. We have seen that there is a way to subtract the non-planar graphs 
at least partially without destroying the symmetries —using the Seiberg-Witten map in a 
crucial way. 

It is convenient to represent this idea graphically. Let us draw Feynman rules for the 
0-unexpanded model as double lines. The Seiberg-Witten differential equation (including 
all possible field redefinitions) expands the noncommutative Yang-Mills-Dirac action in the 
following way: 



^®In other words, the divergence of the fermion four-point function should be regarded as au artifact 
of the ^-expansion. Note, however, that similar divergeuces will appear in the 0-unexpanded theory if 6- 
dependent field monomials such as J 0°‘^Fa/ 3 *Fij,v *are included. These terms are perfectly compatible 
with power-counting dimension and gauge and Lorentz symmetries! 
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o(r). 


(10.3) 



EE 

n>0NB>0 



A superficially divergent Green’s function F of the 0-unexpanded theory will then 
via Seiberg-Witten map be expressed in terms of Green’s functions F of the 0-expanded 
theory. Renormalization has to proceed order by order in h (which is the number of loops). 
In order we have proved that massless QED is renormalizable up to first order of 9, 
because graphs with more than two external fermions are not expanded. Let us assume 
that one-loop renormalizability can be extended to any order of 6. Under this assumption 
all divergences would have been removed for a certain ^^-renormalization of the initial 
noncommutative Yang-Mills-Dirac action. 

Starting with order h‘^ there is however a new problem to solve. Let us consider the 
graph 



(10.4) 


This graph contains an overlapping divergence in 0-expanded noncommutative QED, be¬ 
cause the fermion four-point function is divergent. In a (renormalizable) quantum field 
theory on commutative space-time local counterterms are obtained only if all subdiver¬ 
gences are treated according to the forest formula. Otherwise there are divergent terms 


involving logarithms of external momenta and masses. For the graph ( 10.4 ), however, we 
are not allowed to treat the divergent /-integration as a subdivergence in the forest formula. 
One has therefore to show that first integrating over k, subtracting then the divergent part, 
and finally integrating over I does not yield divergent terms which contain logarithms of 
external momenta—at least on the level of Green’s functions. It seems unlikely that this 
can work, but one cannot exclude the possibility of symmetries for the 0-deformed action 
which do the job. We had also expected four additional divergences at order which 
eventually were absent. Thus, one has to perform the two-loop computation in order to be 


sure. 


11. Symmetries 

We have mentioned several times possible (additional) symmetries of gauge theories on 
0-deformed space-time. There are clear hints now that such symmetries exist. Otherwise 
the absence of the four divergences which are not reached by field redefinitions cannot be 
explained^^. A general idea about these symmetries can be obtained from the mathematical 

^^These symmetries could also be reductions of couplings only. 
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foundation Q of noncommutative geometry. The noncommutative Dirac action can be 
written identically as 

for [/ ^ M, U * U* = U* * U = 1 (see (^)). One is tempted to regard 

:=C/*4*t/* + [/*[i^,C/*] , Vi^V^c/, (11.2) 


as a gauge transformation. However, the space of all U is very big, for instance, Lorentz 
transformations can be implemented via U [^]. In fact all automorphisms of the algebra 
A are inner |^]. Thus, U is the candidate for additional symmetries. However, one has 
to make sure that the noncommutative Yang-Mills action is invariant under ( |11.2| ). Since 
we look for an action invariant under all automorphisms, an action like f ^ -k^ which does 
not contain gravity (probably in a different shape) is certainly not the right choice. There 
is—at least formally—a natural candidate for a Yang-Mills action invariant under (11.2), 
the spectral action |Q 

■l2 


5a ()^) = trace / 


(f) 


— i ^ +1*^ , 


(11.3) 


where / is an appropriate cut-off with /(O) = 1 and f{x) = 0 for x > 1. This is nothing 
but the weighted sum of the eigenvalues ofl^^ smaller than A^. The problem is that we 
are in a non-compact case so that the eigenvalues of are continuous. Recently there 
has been a lot of progress on non-compact spectral geometries ||28|| . 

Our computations provide an indirect support for the spectral action. What we have 
computed in Section ^ is (together with {7A)) the divergent part of the effective action for 
fermions coupled to an external photon field, the coupling involving 9. In the commutative 
case one recovers the Maxwell action f as the coefficient of that (logarithmic) 

divergence. This result was rigorously proved by Langmann |M| in the language of reg¬ 
ularized traces for pseudodifferential operators, i.e. similar techniques as those which are 
used to evaluate the spectral action. There is some rumour that Langmann’s work and 
the spectral action are equivalent when restricted to the Yang-Mills part. Whereas in the 
commutative case gauge and Lorentz symmetries do not permit a different coefficient of 
the divergence than the Maxwell action, we could in the 0-expanded noncommutative case 
obtain in principle the additional terms (6.1C). But this does not happen. We expect there¬ 
fore that the spectral action forbids these additional terms trilinear in the noncommutative 
held strength. Thus, making sense of ( 11. 3|) , computing the spectral action and identifying 
the additional local symmetries of the spectral action is one of the most important next 
steps for the renormalization of noncommutative gauge theories. 
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A. Analytic regularization 

The one-loop integrals to compute are of the form 

... ,ms) := lim j 


d^k 


nr=i k 




(2vr)^ nUKk+Pir-mj + ie] 
Using Zimmermann’s e-trick we replace a propagator 
1 1 


(A.l) 


k^ — -|- ie k^ — {k'^+m'^) + ie 

1 


(e'-i) 


/cg — {l—ie){k‘^+m‘^) {d—i)kQ -t- (e—e'-|-i-|-iee')(fe 2 -|- 77 ), 2 ) 


(A.2) 


For 0 < e^ < e the denominator of the last expression has a positive real part so that 
standard Euclidean integrations techniques using Schwinger and Feynman parameters can 
be applied. Analytic regularization consists in the following replacement of the de¬ 
nominator of the integrand: 




s-l-l 


{(e'-i)[A:o -h 2koqo -h M^] -h {e-e'+i+iee')[P + 2kq + M^]} 

{(e'-i)[A:^ -h 2A:o® + ^q] + {e-e'+\+\ee')[k?‘ + 2kq + 


S+l+S 


(A.3) 


Then the integration over the loop momentum k and over the Schwinger parameter can be 
performed, with the following result (which now depends additionally on the renormaliza¬ 
tion scale p and on e): 


mo, mi,, rus; p, e) 

e^o, e'<e 2 ^ (47r)2r(s-|-l-|-e) (e—e'-|-i-|-iee') ^ 


(A.4) 




Po + '^Xi{pi-po) ,€^^{€'-i) ^ Xi{6ij-Xj){piO-poo){pjO-poo) 
i=l *,i=l 

s 

-b (e-e'-bi-biee')(M^^(x) -b ^ Xi{5ij-Xj){pi-po)ipj-po) 


i,j=i 




where 



rl-xi 


/ d^x = / dxi 

/ dX2 ■ ■ 

• / dxs 

/ Jo 

Jo 

Jo 


dxs , Mg{x) = ml+ '^^Xi{rn'f — ml) . (A.5) 


2 = 1 


Here the completely symmetric tensors ^^{p) are inductively defined by T^{p) := 1 
and 


i=2 


(A.6a) 
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k € {n, n—2 ,... }, k > 1 , (A.6b) 


1 ” 


i=i 


5 ^^(e) = diag(l, 


(A.6c) 


In particular, r^(p, e) = and T’°^(p) = 5 ^,y(e). We define ^^{p) = 0 for A: < 0 and 
k > n. 

The leading terms in e of ( A.4 ) are then given by 

bo, Pi, ...,Ps]rno,mi,..., ms] p, e) (A.7) 


(47r)2e ^ 2^+*-i(5! 

^ ’ <5=0 


df X 

111 ...fin 


+ '^Xi{pi 


;/ 

t-X 

<5 ^ 

X { X] ^ii^ij-^j)iPi-Po)iPj-Po) -^sb)} +C’( 1 ) , 


bo. Pi, • • • ,Ps]mo,mi, ...,ms]p, e)) 


(A.8) 


(47r)2 ^ 2'5+®-1(5! 

^ ^ <5=0 


;/ 


’s rpn— 26 — 2 s -\-2 


d^xT: 


fll...fln 


Po + ^a;ibi-Po 


2=1 


X { ^ ^*('^b“a;bbi-Po)bi-Po) - +C>b) • 


*J=1 

We need two important properties of (A.7) and (A.8): (A) Invariance under the shift 
of the integration momentum and (B) naive factorization of common terms in numerator 
and denominator. 

(A) To formulate shift invariance, let ... pn} be any subset of I elements of 

{pi,..., Pn}, preserving the order. Let Vn~'-{pi ... pn} = {pi, • • •, Pn} \ VHpi ... pn} 
be its complement. The empty set and the total set are regarded as subsets. If 
Vl{pi...pn} = let = Qui-'-qui ior I > 0 and = 1. 

According to ( |A.lJ ), shift invariance means 


(Po, Pi, • • •, Ps; "lo, "ii, • • •, 


■pi 


(^+ 1 ) 

Pra~*{pi---Ain} 


(po+g,pi+g,... ,Ps+q]mo,mi ,.. .,ms) 


For the leading terms in ( |A.7| ) and ( |A.8| ) this amounts to verify 

E „,(!>+«)■ (A-f) 

_ , ' n if^l •••fxnj 

Vi, 0<l<a 

Eq. ([A.9|) is obvious for a G {0,1} and any n and follows from ( |A.6b| ) by induction in a. 
Assuming it holds for a—1 and n—1 we have 




j=l 


'pi 

' n -1 
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rpa—l — l 


7 = 1 -pz 

' n -1 


'P^-l 


(p+q) 


y ^(_i)«g , Ti^zL 

P' Kn 


{p+q) 


+ E 


Vi+\l<n 


a 


( 1 ) 


nCt —/ —1 


{p+q) ■ 


After a shift in I we confirm (A.9). 


(B) Naive factorization means according to ( A.l ), using the shift invariance, 

ljn\..f,r^{Po-Ps,Pi-Ps, ■ ■ ■ ,Ps-i-Ps-,mo,mi,.. .,ms-i) 

= • • • ,Ps-i-Ps,0-, mo,mi,...,ms) 

- m‘liyy{po-Ps,Pi-Ps, ■ ■ ■ ,Ps-i-Ps,0;mo,mi,... ,ms) . (A.IO) 


For the leading terms in (A.7) and (A.8) this amounts to verify, when inserting the identity 

= {k+n+2)Ty^^yp) , 

the following equation 


5=0 


[n/2]-s+2 ^ ^^n_5 


rpn—25—2^+4 


s-1 


25+s-2^] 


.Po- 


-Ps) + '^Xi{pi- 


-Po 


s-1 


2 = 1 


X { E ^i{^ij-^j){Pi-Po)iPj-Po) - 


hi=i 


[n/2]-s+2 /_-|Xn _5 s 

E 95+.-2AI ((PO-^^) + E 


5=0 


i-PO 


i=l 


^ { E ^i{^ij-^j){Pi-Po)iPj-Po) - 


ij=l 


+1 d^x y 


[n/2]-s+l ^ 


i-iy 


5=0 
tn—2(5—2s+2 / 


2<5+s-1^1 


2 

Po-Ps) + yxi{pi-po)^ - mf^ 


2 = 1 


S S ^ 

X Tyy^+'^(^{po-ps) + yxi{pi-po)^\^ y Xi{6ij-Xj){pi-po){pj-po) - m2(x)| . 

2=1 ^>j = l 


(A.ll) 


We have verified ( |A.ll| ) for the values of s G {1, 2, 3} and 0 < n < 2s relevant for this paper 
by explicit calculation. Unfortunately we do not have a general proof. The integration over 
Xs on the rhs. of ( A. Ill) leads to Appell hypergeometric functions which we did not succeed 
to treat. 
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